Introduction and Governing Equation
In this article, quintic B-spline Galerkin finite element method is applied to find the numerical solution of nonlinear Schrödinger (NLS) equation:
Equation (1) is called a self-focusing NLS equation (α > 0) and allows for bright soliton solutions, as well as the defocusing NLS equation (α < 0). u = u(x, t) is a complex-valued function over the real line, α is a positive number and i = √ −1. The initial and boundary conditions are as follows:
u(a, t) = u(b, t) = u x (a, t) = u x (b, t) = u xx (a, t) = u xx (b, t) = 0.
Let u(x, t) = r(x, t) + is(x, t)
where r(x, t) and s(x, t) are real functions. Substituting Equation (4) into Equation (1), we obtain the coupled partial differential equations
s t − r xx = α r 2 + s 2 r, r t + s xx = −α r 2 + s 2 s.
calculated. Numerical results and test problems are discussed in Section 4 followed by the conclusion in Section 5.
Quintic B-spline Galerkin Method
We consider a mesh Π over the finite domain [a, b] divided uniformly by grid points x k with h = x k − x k−1 , k = 1, . . . , N. Quintic B-spline function is chosen as the weight and trial function. The quintic B-splines, B k (x), k = −2, . . . , N + 2 at the grid points x k forms a basis over the interval [a, b] as follows [19] :
5 , x ∈ [x k+1 , x k+2 ],
The global approximate solution, u N (x, t), for the NLS equation in Equation (1) is written in terms of the quintic B-spline function as u N (x, t) = s N (x, t) + r N (x, t) = N+2 k=−2
where 
The functions ρ k (t) and ψ k (t) are time-dependent parameters that are determined from the boundary and residual conditions. We make use of a local coordinate transformation
The quintic B-spline shape functions in Equation (6) can be defined in term of η,
Since all other quintic B-spline functions are zero over the interval [x k , x k+1 ] except for B k−2 , B k−1 , . . . , B k+3 , the approximation function in Equation (8) over the typical interval [x k , x k+1 ] can be written as
Applying the quintic B-splines definition in Equations (6)- (8) , the nodal values of s k , r k , and its first and second derivatives at the knots x k are found to be
When using the Galerkin method on Equation (5) with weight function W(x), the weak form of Equation (5) 
where
By using the weight function W(x) as quintic B-spline shape functions B k and inserting the quantities r N (x, t) and s N (x, t) in Equation (10) into the integral Equation (12) instead of r(x, t) and s(x, t)
where i = j = k − 2, k − 1, k, k + 1, k + 2, k + 3 and the dot "·" represents the derivative with respect to time t. The finite element in Equation (14) can be written in matrix form as
The element matrices in Equation (16) are calculated as 
The values of z L are obtained by writing s = s k +s k+1 2 and r = r k +r k+1 2 in Equation (13) . Using the values of s N and r N at the grid points x k , we obtain
Assembling all the elements in Equation (15) leads to the following system:
Substituting the time derivatives of the parameters . into Equation (18) yields Equation (21) .
This final system consists of (2N + 2) equations and (2N + 10) unknown's parameters. To find the unique solution of this system, we need to eliminate parameters
and ψ N+2 . Using the following boundary conditions
The Initial Vectors
The initial parameters ρ 0 and ψ 0 can be determined using initial and boundary conditions to solve the system in Equation (21) . The approximation can be re-written over the interval [a, b] at t = 0 as
where all parameters ρ 0 and ψ 0 are determined. The functions s N and r N are required to satisfy the following relations at the nodal points x k :
A pentadiagonal matrix system is obtained using the conditions in Equation (24). The initial vectors ρ 0 and ψ 0 can be calculated from the following matrix equations: 
. . . 
. . .
The above system can be solved by inverting the matrices in MATLAB. The approximate solution of s N (x, t) and r N (x, t) can be calculated from ρ n and ψ n using Equation (21).
Numerical Experiments and Results
Two physical problems, single solitary wave and interaction of two solitary waves, were considered to assess the performance of the proposed method summarized in Equation (22) . The performance and accuracy of the approach were tested using the L 2 and L ∞ norms defined as
and
where u exact and u N denote the exact and numerical solutions, respectively. Moreover, Equation (1) must satisfy the two conservation laws,
Problem 4.1 (Single Solitary Wave Solution)
A single solitary wave solution to the NLS equation is given as in [20] :
The initial and boundary conditions are taken as u(−20,
The values of the initial parameters from Equations (25) and (26) are calculated by using the initial and boundary conditions. The values of all parameters were chosen to be α = 2, S = 4, β = 1, h = 0.05, and ∆t = 0.002, 0.001. The parameter S represents the speed of the solitary wave whose magnitude depends on the real parameter β. The L 2 and L ∞ norms and conservation laws I 1 and I 2 are tabulated in Table 1 for ∆t = 0.002 and Table 2 for ∆t = 0.001. It is observed that the norms remain very small. The numerical results obtained by the present scheme are more accurate than the explicit, implicit, and split-step Fourier and other methods [19, 21, 22] . The norms naturally decrease with the increase in number of partitions. We found a good result even for large step size, as displayed in Table 3 . The L ∞ and L 2 norms converge to zero as the number of nodes increases. The numerical simulations are shown at different times over the region [−20, 20] in Figure 1 . Furthermore, numerical results for different values of ∆ were generated to calculate the rate of convergence using the following formula [23] :
where (2ℎ, 2∆ ) is either the error norm or the error norm in spatial and temporal directions. The error norms , and order of convergence rate at time = 1 is shown in Table  4 . In Table 4 , we see that this method is nearly of second-order convergence. Furthermore, numerical results for different values of ∆t were generated to calculate the rate of convergence using the following formula [23] :
where E(2h, 2∆t) is either the L ∞ error norm or the L 2 error norm in spatial and temporal directions. The error norms L ∞ , L 2 and order of convergence rate at time t = 1 is shown in Table 4 . In Table 4 , we see that this method is nearly of second-order convergence. Table 5 presents comparison between our proposed method with other methods. The proposed scheme gave satisfactory results. Table 6 displays numerical results of present method compared to those of Taha et al. [21] . In general, the present method generated more accurate results for the specific values of parameters. The simulation of the single soliton with amplitude equal to 2 is presented in Figure 2 . Table 6 . Comparison of present results for Problem 4.1 with those of Taha et al. [21] 
0.0300 0. Table 6 displays numerical results of present method compared to those of Taha et al. [21] . In general, the present method generated more accurate results for the specific values of parameters. The simulation of the single soliton with amplitude equal to 2 is presented in Figure 2 . 
Problem 4.2 (The Interaction of Two Solitary Waves)
In this problem we considered the behavior of two solitons moving in opposite directions using the following initial conditions [18, 20, 21] : 
In this problem we considered the behavior of two solitons moving in opposite directions using the following initial conditions [18, 20, 21] :
where β k , α and x k are constants. The values of all parameters were chosen to be x 1 = 10, x 2 = −10, α = 2, β 1 = 1, β 2 = 1, S 1 = −4, S 2 = 4, h = 0.05 and ∆t = 0.05. Two solitary waves were traveling in opposite direction with the same magnitude 1 and speed 10. One of the solitary waves placed at x = 10 was traveling to the left side with speed 4 and the second wave on the other side placed at x = −10 was traveling to the right side with speed 4. As we know, solitons move in opposite direction and they collide and separate. We noticed that the shape of the solitons did not change after the collision of both solitons as expected. The two solitary waves collided at times t = 1, 2, 3 and then separated at t = 4, 5, 6. We see that the solitons preserved the original shapes after the collision. The interactions of two solitons at different times t = 0, 1, 2, 2.8, 3, 4, 5 and 6 can be seen in Figure 3 .
The L ∞ and L 2 norms and I 1 conservation law were calculated at various times with ∆t = 0.005, 0.002, as shown in Tables 7 and 8 . Furthermore, Table 9 presents numerical results of our proposed method compared with previous methods (e.g., [21] ). The present method gives accurate results for the specific values of parameters. Furthermore, Table 9 presents numerical results of our proposed method compared with previous methods (e.g., [21] ). The present method gives accurate results for the specific values of parameters. 
Conclusions
In this paper, the numerical solution of the NLS equation with Neumann boundary conditions is obtained by the Galerkin finite element method with quintic B-spline shape function. The accuracy and feasibility of the method was evaluated by two test problems related to single solitary wave and interaction of two solitary waves. The accuracy of numerical method was examined by showing reasonably small error norms L 2 and L ∞ . The interaction of two solitary waves was investigated and observed that the shape of the solitons did not change after the collision of both solitons as expected. The proposed method successfully simulated the soliton picture by choosing different parameters in the case of motion of single soliton and interaction of two soliton. The obtained results were compared with published results [17, 19, 21, 22] and it was observed that the all results are acceptable and reflect the analytical solution. The rate of convergence was calculated and found to be almost of second-order convergence. In conclusion, the present Galerkin finite element scheme with quintic B-spline presents an acceptable soliton solution method for solving NLS equation. The simplicity of the quintic B-spline Galerkin finite element method is an advantage over the general Galerkin finite element method to obtain the numerical solution of NLS equation. The proposed scheme can easily be applied to solve various nonlinear differential equations. 
